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Abstract 

We present a sigma model field theoretic realization of Hitchin's generalized complex ge- 
ometry, which recently has been shown to be relevant in compactifications of superstring 
theory with fluxes. Hitchin sigma model is closely related to the well known Poisson sigma 
model, of which it has the same field content. The construction shows a remarkable cor- 
respondence between the (twisted) integrability conditions of generalized almost complex 
structures and the restrictions on target space geometry implied by the Batalin-Vilkovisky 
classical master equation. Further, the (twisted) classical Batalin-Vilkovisky cohomology 
is related non trivially to a generalized Dolbeault cohomology. 



MSC-class: 53D17, 53B50. Keywords: Poisson Sigma Model, Generalized Complex Ge- 
ometry, Cohomology. 
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1. Introduction 



Mirror symmetry is a duality relating compactifications of type IIA and type IIB 
superstring theory, which result in the same four-dimensional effective theory. For Calabi- 
Yau compactifications, it has been known for a long time and it has played an important 
role in their study. Recently, more general compactifications allowing for non Ricci-flat 
metrics and NS and RR fluxes have become object of intense scrutiny. Therefore, it is 
important to investigate whether mirror symmetry generalizes to this more general class 
of compactifications and, if so, to analyze in depth its properties. This program was 
outlined originally in refs. [1,2] and was subsequently pursued with an increasing level of 
generality in a series of papers. 

In refs. [3], it was shown that mirror symmetry can be defined on manifolds with 
SU(3) structure, i.e. admitting a nowhere vanishing globally defined internal spinor. In 
this case, the symmetry maps RR into RR fluxes, but it mixes the metric and the NS flux 
in a non trivial fashion. 

Recently, Hitchin formulated the notion of generalized complex geometry, which, at the 
same time extends and unifles the customary notions of complex and symplectic geometry 
and incorporates a natural generalization of Calabi-Yau geometry [4] . Hitchin's ideas were 
further developed by Gualtieri [5]. Since, in topological string theory, mirror symmetry 
relates complex and symplectic manifolds [6], it is conceivable that generalized complex 
geometry may provide a natural framework for the study of mirror symmetry [7]. In refs. 
[8,9], it was shown that supersymmetric SU(3) structure manifolds are indeed generalized 
Calabi-Yau manifolds as defined by Hitchin. Other studies of mirror symmetry relying on 
generalized complex geometry can be found in refs. [10-14]. 

In refs. [15,16], a sigma model realization of Hitchin's generalized complex geometry 
closely resembling a Poisson sigma model was obtained [17,18]. In this paper, we obtain a 
new sigma model realization of the same geometry, whose relation to the standard Poisson 
sigma model is even closer and which we now briefiy outline. 

In ref. [19] (see also [20]), Cattaneo and Felder quantized the Poisson sigma model by 
using the Batalin-Vilkovisky quantization algorithm [21-23]. They showed in particular 
that the action of the model satisfies the Batalin-Vilkovisky classical master equation, 
provided the target space almost Poisson structure is actually Poisson, thus establishing a 
remarkable connection between Poisson geometry and quantization a la Batalin-Vilkovisky 
of the sigma model. 
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In this paper, we introduce a Hitchin sigma model, which has the same field content 
as the standard Poisson sigma model, but whose target space geometry is specified by 
a generalized almost complex structure. Proceeding in an analogous manner, we quan- 
tize the model following the Batalin-Vilkovisky quantization prescriptions. We then show 
that the action satisfies the Batalin-Vilkovisky classical master equation, when the gen- 
eralized almost complex structure is actually a generalized complex structure. We carry 
out our analysis both in the twisted and in the untwisted case. Further, we find that 
the classical Batalin-Vilkovisky cohomology is related non trivially to a hitherto unknown 
generalized Dolbeault cohomology containing the deformation cohomology of generalized 
complex structures [5] . 

Up to a topological term, the Hitchin sigma model reduces to the usual Poisson 
sigma model, in the particular case where the generalized complex structure is actually 
a symplectic structure. In this way, our analysis partially generalizes and broadens the 
scope of Cattaneo's and Felder's. 

This paper is organized as follows. In sect. 2, we review the main notions of generalized 
complex geometry both in the twisted and in the untwisted case. In sect. 3, we outline the 
de Rham superfield formalism suitable for the formulation of the Poisson sigma model and 
its generalizations. In sect. 4, we introduce the untwisted Hitchin sigma model and show 
the correspondence between the conditions on the target space geometry implied by the 
Batalin-Vilkovisky classical master equation and the integrability condition of the target 
space generalized almost complex structure. In sect. 5, we repeat the same analysis for 
the twisted case. Finally, in sect. 6, we analyze the Batalin-Vilkovisky cohomology and 
its relation to generalized complex geometry. 

2. Generalized complex geometry 

The notion of generalized complex structure was introduced by Hitchin in [4] and 
developed by Gualtieri [5] in his thesis. It encompasses the usual notions of complex and 
symplectic structures as special cases. It is the complex counterpart of the notion of Dirac 
structure, introduced by Courant and Weinstein, which unifies Poisson and symplectic 
geometry [24,25]. 

Let M be a manifold of even dimension d. Consider the vector bundle TM © T*M. 
A generic section X + ^ e C°°{TM ® T*M) of this bundle is the direct sum of sections 
X e C~(TM), C e C~(T*M) of TM, T*M, respectively. X is a vector field, C is a 
1-form. 
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TM © T*M is equipped with a natural indefinite metric of signature {d, d) defined by 

{X + i,Y + rf) = \{ixil + iYO. (2.1) 

for X + ^, y + ?7 G C°°{TM © T*M), where iy denotes contraction with respect a vector 
field V. This metric has a large isometry group. This contains the full diffeomorphism 
group of M, acting by pull-back. It also contains the following distinguished isometrics, 
called b transforms, defined by 

exp(6) {X + ^) = X + ^ + ixb, (2.2) 

where b G C°^{a'^T*M) is a 2-form. 

There is a natural bilinear pairing defined on C°°{TM (BT*M) extending the custom- 
ary Lie pairing on C°°{TM), called Courant brackets [24,25]. It is given by 

[X + F + ry] = [X, Y] + IxV - - ^duiixV - irO- (2-3) 

with X + C,Y + 7] G C°°{TM © T*M), where ly denotes Lie derivation with respect a 
vector field V and dM is the exterior differential of M. The pairing is antisymmetric, 
but it fails to satisfy the Jacobi identity. However, remarkably, the Jacobi identity is 
satisfied when restricting the sections X + ^, y + G C°°(L), where L is a subbundle of 
TM © T*M isotropic with respect to ( , ) and involutive (closed) under [,]. The brackets 
[ , ] are covariant under the action of the diffeomorphism group. They are also covariant 
under b transform 

[exp(6)(X + 0, exp(6)(F + ry)] = exp(6)[X + i,Y + rj], (2.4) 

provided the 2-form b is closed. 

A generalized complex structure JT" is a section of C°°{End{TM © T*M)), which is 
an isometry of the metric ( , ) and satisfies 

= -1. (2.5) 

The group of isometrics of ( , ) acts on J by conjugation. In particular, the b transform of 
J is defined by 

J = exp(-6)Jexp(6). (2.6) 
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The ±-\/^ eigenbundles of J are complex and, thus, their analysis requires complex- 
ifying TM ®T*M leading to (TM T*M) ® C. The projectors on the eigenbundles are 
given by 

n± = |(iT^j). (2.7) 

The generalized almost complex structure J is integrable if its eigenbundles are involutive, 
i. e. if 

n^[n±(x + 0, n±(r + ^)\ = o, (2.8) 

for any + (Y + ri) e C°°{TM®T*M). In that case, J is called a generalized complex 
structure. Integrability is equivalent to the single statement 

N{X + ^,Y + ri) = 0, (2.9) 

for all X + + r] G C°^{TM ®T*M), where N is the generalized Nijenhuis tensor, 
defined by 

N{X + ^,Y + rj) = [X + ^,Y + ri]+ J[J{X + ^),Y + rj] + J[X + ^, J{Y + rj)] (2.10) 
-[J{X + ^),J{Y + r^)]. 

The b transform of a generalized complex structure is again a generalized complex 
structure, provided the 2-form b is closed. 

In practice, it is convenient to decompose a generalized almost complex structure JT" 
in block form as follows 

where J G C°°{TM ® T*M), P e C°^{a'^TM), Q e C^{A^T*M). 

For later use, we write in explicit tensor notation the conditions obeyed by J, P, Q: 



pab^pba^Q^ (2.12a) 

Qab + Qba = 0, (2.126) 

J\J% + P'^'^Q^b + 6\ = 0, (2.13a) 

J«^pc6 ^ jb^pca ^ (2.136) 

QacJ^b + QbcJ\ = 0- (2.13c) 
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Under b transform, we have 

J% = J\ - P'^'bcb, (2.14a) 
pab ^ pab^ (2.146) 

Qab = Qab + bacJ% - hcJ^ + P'^Xabdb- (2.14c) 

where bab + bba = 0. 

The intcgrabiUty condition of a generahzed almost complex structure can be cast 
in the form of a set of four tensorial equations 



^abc ^ 


(2.15a) 


Ba'' = 0, 


(2.156) 


Cab'^ = 0, 


(2.15c) 


Dabc = 0, 


(2.15d) 



where A, B, C, D are tensors defined by 

^abc ^ padQ^pbc ^ pbdQ^pca ^ pcdg^pab^ ^^.Wa) 
Ba'' = J^'addP'' + P'HdaJ'd - ddJ\) - P'HdaJ'd - ddj\) - da{j\P'"'), (2.166) 

Ca6= = J^da^b - J\ddJ\ - J'ddaJ^ + J^ddbJ^ (2.16c) 

+ P''\ddQab + daQbd + dbQda), 
Dabc = J'^aiddQbc + dbQcd + dcQdb) + J'^b{ddQca + ^cQad + OaQdc) (2.16d) 
+ J'^c{ddQab + daQbd + dbQda) — da{QbdJ'^c) — db{QcdJ'^a) — dciQ adJ*^ b) ■ 

The above expressions in a different but equivalent form were derived in [16]. 

The usual complex structures J can be viewed as generalized complex structures of 
the special form 

J={i _°.). (2.17) 

Indeed, one can check an object of this form satisfies conditions (2. 12a, 6), (2.13a-c), (2.15a- 
d) precisely when J is a complex structure, i. e. its Nijenhuis tensor vanishes. Similarly, 
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the usual symplectic structures Q can be viewed as generalized complex structures of the 
special form 

as this object satisfies (2. 12a, 6), (2.13a-c), {2.1ba-d) precisely when Q is a symplectic 
structure, i. e. it is closed. As noticed by Hitchin, other exotic examples exist. In fact, 
there are manifolds which cannot support any complex or symplectic structure, but do 
admit generalized complex structures [4]. These facts explain the reason why Hitchin's 
construction is interesting and worthwhile pursuing. 

Let H e C°°{A^T*M) be a closed 3-form. Define the H twisted Courant brackets by 

[X + ^,Y + r]]H = [X + ^,Y + ri]+ ixiyH (2.19) 

with X + ^,Y + r]e C°°{TM T*M). ^ Under b transform with b a closed 2-form, (2.4) 
holds with the brackets [ , ] replaced by [,]h- More generally, for a non closed b, one has 

[exp(6)(X + e), exp(6)(y + v)]H+dMb = exp(6)[X + ^,Y + vU- (2.20) 

So, b transform shifts H by the exact 3-form dMb: 

H = H + dMb. (2.21) 

The case where [H/2n] belongs to the image of H^{M,1j) in H^{M,M.) is particular im- 
portant for its relation to gerbes. In this case, b transform with [6/27r] contained in image 
of H^{M, Z) in H^{M, M) represents the gerbe generalization of gauge transformation. 

One can define an H twisted generalized Nijenhuis Nh tensor as in (2.10) by using 
the brackets [,]h instead of [ , ]. A generalized almost complex structure J is H integrable 
if 

NH{X + ^,Y + r]) = 0, (2.22) 

for all X + ^,Y + r] e C°°{TM®T*M). In such a case, we call J an H twisted generalized 
complex structure. 



The sign convention of the H field used in this paper is opposite to that of ref. [5] . 



8 



In tensor notation, the H integrability conditions can be cast as 



Ah''''^ = 0, (2.23a) 

BHa'' = 0, (2.236) 

CHab' = 0, (2.23c) 

DHabc = 0, (2.23d) 
where Ah, Bh Ch, Dh are tensors defined by 

tIh"'"' = A""^^, (2.24a) 

BHa^' = Bj"' + P'^'P^'Hade, (2.246) 
CHab'' — Cab'' — J'^ aP'''' H^e + J'^ bP'''' Hade, (2.24c) 
DHabc = Dabc " Habc + J'^aJ'^bHcde + J^bJ'^cHade + J^cJ'^aHbde- (2.2Ad) 

These expressions also where obtained in [16]. 
3. 2— dimensional de Rham superfields 

In general, the fields of a 2-dimensional field theory are differential forms on a oriented 
closed 2-dimensional manifold E. They can be viewed as elements of the space Fun(nTE) 
of functions on the parity reversed tangent bundle IITS of E, which we shall call de Rham 
superfields [19]. More explicitly, we associate with the coordinates z°' of E Grassmann odd 
partners with 

deg2" = 0, degC" = 1. (3.1) 

IITE is endowed with a natural differential d defined by 

dz"" = C dC = 0. (3.2) 

A generic de Rham superfield ip{z,() is a triplet formed by a 0-, 1-, 2-form field ip^^\z), 
ip^^^iz), ip^'^^ af3{z) organized as 

^|;{z,0 = + C^^'Kiz) + ICC^^'^af^iz). (3.3) 



The forms ip^^\ ip^^\ ip^'^^ are called the components of ip. Note that, in this formalism, 
the exterior differential of S can be identified with the operator 

d = Cd/dz'^. (3.4) 

The coordinate invariant integration measure of IITE is 

Ai = d^Mz2dCMC^. (3.5) 

Any de Rham superfield '0 can be integrated on IITS according to the prescription 

/ litP^ ! \dz''dzPiP^''\p{z). (3.6) 

By Stokes' theorem, 

/ ndip^O. (3.7) 

It is possible to define fmictional derivatives of functionals of de Rham superfields. 
Let if) he a de Rham superfield and let F{t(j) he a functional of i/j. We define the left/right 
functional derivative superfields Si^rF{4')/^4' as follows. Let cr be a superfield of the same 
properties as i/j. Then, 

-T.F{ip + ta) =/ i2a—-—= l^—F-i — ^- (3-8) 
at t=o JnTE JuTH 

In the applications below, the components of the relevant de Rham superfields carry, 
besides the form degree, also a ghost degree. We shall limit ourselves to homogeneous 
superfields. A de Rham superfield ip is said homogeneous if the sum of the form and ghost 
degree is the same for all its components ^j'-'^-*, ip^'^'^ of ip. The common value of that 
sum is called the (total) degree degip of ip. It is easy to see that the differential operator 
d and the integration operator A* carry degree 1 and —2, respectively. Also, if F{'ip) 
is a functional of a superfield ip, then deg5i^rF{ip) / 5ip = degF — degip + 2. 

The singular chain complex of S can be given a parallel treatment. A singular super- 
chain C is a triplet formed by a 0-, 1- and 2-dimensional singular chain C'(o), C'(i)) 
organized as a formal chain sum 



C = C(o) + C(i) + C(2). (3.9) 
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The singular boundary operator d extends to superchains in obvious fashion by setting 

(aC)(o) = aC(i), (aC)(i) = 9(7(2), {dC\2) = Q. (3.10) 
A singular supercycle Z is a superchain such that 

az = 0. (3.11) 
A de Rham superfield can be integrated on a superchain C: 

j ^= j V'^^^+Z dz''ij^^^a{z)+ f ^dz^dz^i;^^^af3iz). (3.12) 

Stokes' theorem states that 

dip^ ^. (3.13) 

Jc JdC 

In particular, 

[ di/j = 0, (3.14) 

if Z is a supercycle. 

4. The Hitchin sigma model 

In this section, we shall first briefly review the formulation of the standard Poisson 
sigma model based on the Batalin-Vilkovisky quantization scheme [21,22] worked out 
by Cattaneo and Felder in [19] (see also [20,26]). To make the treatment as simple and 
transparent as possible, we shall use the convenient de Rham superfield formalism outlined 
above. Expressions in terms of components are straightforward to obtain, though they are 
rather lengthy and unwieldy. Subsequently, we introduce the Hitchin sigma model as a 
closely related partial generalization of the former. We shall limit ourselves to the lowest 
order in perturbation theory, since this constraints on target space geometry following 
from the Batalin-Vilkovisky classical master equation lead directly to Hitchin's generalized 
complex geometry. Quantum corrections will presumably yield a deformation of the latter, 
whose study is beyond the scope of this paper. We will not attempt the gauge fixing of 
the field theory, which, at any rate, is expected to be essentially identical to that of the 
ordinary Poisson sigma model as described in [19,20]. For clarity, we shall treat first the 
untwisted case. 
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The basic fields of the standard Poisson sigma model are a degree superembedding 
X e r(nTS, M) and a degree 1 supersection y e r(nTE, x*Wr*M). With respect to each 
local coordinate of M, a;, y are given as de Rham superfields a;", ya- Under a change of 
coordinates, these transform as 

x'" = 1'" ot-^{x), (4.1) 

y'a=Q^°t~\^)yb- (4.2) 

The resulting transformation rules of the de Rham components of x'^{z,(), yai^X) ^re 
obtainable by expanding these relations in powers of C"- 

We identify the fields and antifields with and yi,, respectively. The Batalin- 
Vilkovisky odd symplectic form is 



n 



BV 



= [ i^Sx'^Sya. (4.3) 



Therefore, the Batalin-Vilkovisky antibrackets are given by 



/i 

DTE 



5ya Sya Sx^- 



(4.4) 



for any two functionals F, G oi x°' ^ ya- 

The target space geometry of the standard Poisson sigma model is specified by an 
almost Poisson structure, that is a 2-vector P. The action of the model is 



S = 



I ii\yadx'' + \P''\x)yayb\. (4.5) 



The consistent quantization of the model requires tha S satisfies the classical Batalin- 
Vilkovisky master equation 

(5, S) = 0. (4.6) 

By a straightforward computation one finds 

{S,S) = 2 f J- \A-''-{x)yayby^ , (4.7) 

where A is given by (2.16a). Hence, S satisfies (4.6), if (2.15aa) holds. As is well-known, 
condition (2.15a) ensures the almost Poisson structure P is actually Poisson, so that M is 
a Poisson manifold [27] . 
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The Batalin-Vilkovisky variations are 



5wa;" = (5,a;«), (4.8a) 
SBvya^{S,ya) (4.86) 
[21,22]. From (4.4), (4.5), one finds easily that 

Sbyx"" = dx"" + P''Hx)yb, (4.9a) 

SBvVa = dya + ^daP''%x)ybyc. (4.96) 

Sbv is nilpotent: 

5bv^ = (4.10) 

if (2.15a) holds, as follows from the Batalin-Vilkovisky theory or by direct verification. By 
construction, 

SbvS = 0. (4.11) 

We construct the Hitchin sigma model as follows. The fields of the model, the Batalin- 
Vilkovisky odd symplcctic form and the associated antibrackets are the same as those of 
the Poisson sigma model given by eqs. (4.3), (4.4). The target space geometry is specified 
by a generalized almost complex structure (cf. sect. 2). In the representation (2.11), 
the action of the model reads 

[ fxlyadx'' + ^P''\x)yayb + ^Qab{x)dx''dx' + J\{x)yadx'']. (4.12) 

We now verify under which conditions 5" satisfies the classical Batalin-Vilkovisky 
master equation (4.6). By a straightforward computation, one finds 

iS,S) = 2 [ |A«^"(x)2/„2/b2/e + \Bj'-{x)dx''yby, (4.13) 

- \Cah\x)dx^dx^yc+\Dabc{^)dx''dx^dx''\ 



where the tensors B, C, D are given by (2.16a-ci). Hence, S satisfies the classical 
Batalin-Vilkovisky master equation (4.6), if conditions (2.15a-ci) hold. {2.15a-d) ensure 
that J" is a generalized complex structure so that M is a generalized complex manifold. 
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This shows that there is a non trivial connection between generalized complex geometry 
and quantization a la Batalin-Vilkovisky of the sigma model. 

(2.15a-(i) are sufficient but not necessary conditions for the fuffiUment of the master 
equation (4.6). In fact, as dx°'dx^dx'^ = identically on a 2-dimensional manifold S, 
the last term in (4.13) vanishes identically so that condition {2.15d) could be dropped. 
Remarkably, however, a formal implementation of the antibracket algebra yields precisely 
this term. At any rate, this opens the possibility that the Hitchin sigma model might 
consistently be defined for a class of target space geometries wider than that of generalized 
complex structures. This would somewhat parallel what happens for the Poisson sigma 
model, which makes sense for the class of Poisson target space geometries, which strictly 
contains that of symplectic geometries. We will not elaborate further on this point. 

The Batalin-Vilkovisky variations, defined by (4. 8a, 6), can be easily obtained using 
(4.4), (4.12). They are given by 



SBvVa = dya + \daP^^{x)ybyc + \{daQhc + di,Qca + dcQab){x)dx^dx'' (4.146) 
+ {daJ\ - dcJ\){x)ybdx' + J\{x)dyb. 

One can check that (4.10), (4.11) hold, if eqs. (2.15a-(i) are fulfilled. 



When the generalized complex structure J is a, symplectic structure Q, one has dQ = 
0, J = 0, P = —Q~^ (cf. eq. (2.18)). In this case, as is readily verified, the Hitchin sigma 
model action equals the Poisson sigma model action up to a topological term, while the 
Batalin-Vilkovisky variations of the two models are the same. For this reason, Hitchin 
sigma model is only a partial generalization of the Poisson sigma model, since it can 
reproduce the latter only in the particular case where the target manifold Poisson structure 
is symplectic. 

It is interesting to see how the action S behaves under a h transform of the under- 
lying generalized almost complex structure J of the form (2.14a-c). It turns out that a 
meaningful comparison of the resulting action S and the original action S requires that 
the superfields x", ya also must undergo a h transform of the form 



5bvx'' = dx" + P''\x)yb + J''b{x)dx\ 



(4.14a) 



(4.15a) 



ya=ya + hab{x)dx^. 



(4.156) 
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It is simple to verify that 

CIbv = ^bv+ f i^ahc + dbbca + dcbab) {x)5x'' dxHx^ . (4.16) 

Hence, when the 2-form h is closed, the h transform is canonical, i. e. it leaves the 
Batalin-Vilkovisky odd symplectic form (4.3) invariant, 

CIbv = ^BV- (4.17) 

Under the b transform, one has 

S = S- [ nbab{x)dx''dx\ (4.18) 

Remarkably, S, S differ by a topological term. If 6/27r has integer periods and, so, describes 
a gerbe gauge transformation, one has exp( V— I'S') = exp(V— IS*) in the quantum path 
integral. So, gerbe gauge transformation is a duality symmetry of the quantum Hitchin 
sigma model. It must be remarked that the result holds also when b/2'K has half integer 
periods. This is due to a factor 1/2 mismatch of the normalization of the b field in Hitchin's 
formulation of generalized complex geometry and the standard conventional normalization 
of the Poisson sigma model action. We would suggest to change the normalization of the 
action by a factor 1/2, but, for the time being, we stick to the normalization conventions 
mostly used in the physical literature. 

5. The twisted Hitchin sigma model 

The natural question arises whether it is possible to construct a Hitchin sigma model 
for twisted generalized complex structures. We are going to study this issue next. 

Let H he a, closed 3-form. Consider a H twisted generalized complex structure J^. 
Then, the tensors Ah, Bh, Ch, Dh all vanish (cf. eqs. (2.23a-d)). 

Since H is closed, it can be trivialized locally. So, there are locally defined 2-forms B 
such that 

H^dMB. (5.1) 

We can use the local 2-forms B to carry out local B transforms of J. In this way, for each 
local 2-form S, we have a local generalized almost complex structure J given by 

J% = J\ - P^'Bcb, (5.2a) 
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(5.26) 



Qah = Qah + BacJ'^b " B^aJ'^a + 



(5.2c) 



in the representation (2.11) (cf. eqs. (2.14a-c)). It is straightforward to verify that the H 
integrabihty of J imphes that these local J are integrable: the corresponding local tensors 
A, S, C, D all vanish (cf. eqs. (2.15a-d)). 

Let us assume that the appropriate fields/antifields for the twisted version of Hitchin 
sigma model are the same as those of the untwisted model, viz the degree superembedding 
X e r(nTS, M) and the degree 1 supersection y e T{UTJ:,x*UT*M). This is reasonable, 
since in the limit case H = 0, one should recover the untwisted model. In the previous 
section, we learned that these fields behave non trivially under b transform (cf. eqs. 
(4. 15a, 6)). Thus, it seems appropriate to define B transformed fields jja by 



Since the 2-form B is only locally defined, the superfields do not have the global 

meaning that the original superfields x"', pa do. 

From the above discussion, it would seem that, at a heuristic level, one may define the 
twisted Hitchin sigma model with target space geometry specified by the data H, J and 
basic superfields y as the untwisted Hitchin sigma model with target space geometry 
specified by the data J and basic superfields 5, y. However, it is clear that this way of 
proceeding cannot work in general, because J ^ x, y have only a local nature. 

There is however a particular case where this can be done, namely when the closed 
3-form H is exact. In that case, there is a globally defined 2-form B such that (5.1) holds. 
Then, J is a globally defined generalized complex structure and x, y have the same global 
meaning as the original fields x, y. In this way, we can construct an untwisted Hitchin 
sigma model using J, x, y, which now we describe. As we shall see, from this analysis, we 
can learn much on the H twisted Hitchin sigma model for non exact H. 

The odd symplectic form of the H twisted model is defined by the relation 



where ^bv is given by (4.3) with x°', ya replaced by x°'^ ya- A straightforward calculation 
shows that 



(5.3a) 



IJa = ya+ Bab{x)dx''. 



(5.36) 



^BVH — ^BV, 



(5.4) 




(5.5) 
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^BVH is not of the canonical form (4.3). Hence, a;", ya are not canonical fields/antifields. 
However, f2 bvh is a degree 1 closed functional form, since it is related by a field redefinition 
to 0,bvj which is. In this way, one can define H twisted antibrackets {,)h in standard 
fashion. The resulting expression is 

/p^s f \SrF6iG 6rF 6iG \^rF , b^l^] /r «\ 

for any two functionals F, G oi x°', ya- 

Similarly, the action of the H twisted model is defined by the relation 

Sh = S, (5.7) 

where S is given by (4.12) with J, P, Q and x", ya replaced by J, P, Q and x", ya, 
respectively. A straightforward calculation shows that 

Sh= f fi\yadx'' + ^P''\x)yayb+lQab{x)dx''dx^ + J\{x)yadx'']-2 f x^'^^H. (5.8) 

Here, F is a 3-fold such that dV = S and a;*^*^-* : F — > M is an embedding such that x'^^-'Ie 
equals the lowest degree component of the superembedding x, whose choice is immaterial. 

It is easy to see that the H twisted action Sh obeys the H twisted Batalin-Vilkovisky 
classical master equation 

{Sh,Sh)h = Q. (5.9) 

This can be verified directly, but it is obvious by itself, since VtsvH, Sh are related to 
VLbv, S by the same field redefinition, via (5.4), (5.7), respectively, and the action S obeys 
the master equation (4.6). 

The Batalin-Vilkovisky variations 5bvx°'i ^BvVa Sixe given by (4. 14a, 6) with J, P, 
Q and x", ya replaced by J, P, Q and 5;", ya, respectively. Using (5. 3a, 6), we can then 
derive the expressions of the H twisted Batalin-Vilkovisky variations Sbvhx"', SBvnya- 
The result is 

Sbvhx" = dx" + P°'\x)yb + J''b{x)dx\ (5.10a) 

^BVHVa = dya + \daP^^ {x)ybyc + \{daQhc + ^bQca + d^Q ab){x)dx^ dx"" (5.106) 

+ {daJ\ - d,j\){x)ybdx'' + J\{x)dyb 
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+ I {HabdJ c - HacdJ' 



b){x)dx' 



^dx^ + HadcP'^\x)ybdx^. 



It is straightforward to see that 



Sbvhx'' = {Sh,x'')h, 



(5.11a) 



^BVHVa = {SH,ya)H 



(5.116) 



and that 



Sbvh = 0. 



(5.12) 



Again, this can be verified directly, but it is obvious by itself, for reasons explained below 
eq. (5.9). By a similar reasoning, one has 



In the above analysis, we assumed that the closed 3-form H was exact, in order to 
have a globally defined 2-form B. However, the expressions obtained depend on B through 
H, which is globally defined anyway. This provides crucial clues about how to proceed for 
a non exact H. 

We can use (5.5) as a definition of the H twisted odd symplectic form flBVH in the 
general case, ^bvh so defined has degree 1 and is closed, as required. So, H twisted 
antibrackets (, )h can be introduced. They are given again by eq. (5.6). 

Similarly, we can use (5.8) as a definition of the H twisted action Sh in the general 
case. At this stage, J can be assumed to be a generalized almost complex structure. 
The last H dependent term is a Wess-Zumino like term. A similar term was added to 
the action of the standard Poisson sigma model in ref. [28]. Its value depends on the 
embedding x^'^^ : T M. In the quantum theory, in order to have a well defined weight 



exp{\/—lSH) in the path integral, it necessary to require that H has integer periods. 

A computation analogous to the one leading to (4.13) furnishes 



SbvhSh = 0. 



(5.13) 





_ 1 



6 




(5.14) 



\CHah''{x)dx''dx^yc + \D h ahc{x)dx'' dx^ dx" 
\Habc{x)dx'^dx^dx'' , 
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where the tensors Ah, Bh, Ch, Dh are given by (2.24a-(i). Hence, Sh satisfies the H 
twisted classical Batalin-Vilkovisky master equation (5.9), if {2.23a-d) hold, i.e. when 
J is an H twisted generalized complex structure. (Recall that dx"" dx^ dx'^ = on a 2- 
dimensional manifold E.) This shows that the non trivial connection between generalized 
complex geometry and quantization a la Batalin-Vilkovisky of the sigma model continues to 
hold also in the twisted case. As for the untwisted Hitchin model, (2.24a-(i) are sufficient 
but not necessary conditions for the fulfillment of the master equation (5.9). 

The twisted Batalin-Vilkovisky variations 5bvhx°'i ^BVHVa are defined by (5. 11a, 6). 
By explicit computation, one can verify that they are still given by (5. 10a, 6). This is 
obviously so in view of the above reasoning, since these are local expressions anyway. 
Similarly, (5.12), (5.13) continue to hold. 

Under a h transform (2.14a-c) of the underlying generalized almost complex structure 
and (4. 15a, 6) of the superfields a;", ya, with h a closed 2-form, the H twisted odd symplectic 
form ^BVH and action Sh behave as their untwisted counterparts, that is (4.17), (4.18) 
hold with Hbv-i ^bv S, S replaced by Sh, Sh, ^bvh, ^bvh- 

6. Batalin-Vilkovisky cohomology and generalized complex geometry 

In this final section we shall analyze the classical Batalin-Vilkovisky cohomology and 

its relation to Hitchin's (twisted) generalized complex geometry. Though we do not have 
a full computation of the cohomology, we have found a interesting subset of it related in a 
non trivial fashion to the underlying generalized complex structure. 

We consider first the untwisted case for simplicity. We call a de Rham superfield 
X local, if it is a local functional of the basic superfields x"', ya- Let X be some local 
superfield. Suppose there is another local superfield Y such that 



Thus, X defines a mod d Batalin-Vilkovisky cohomology class. Then, if Z is a singular 
supercycle (cf. sect. 3), one has 



6bvX = dY. 



(6.1) 




(6.2) 



by (3.14). It follows that 




(6.3) 



19 



defines a Batalin-Vilkovisky cohomology class. A standard analysis shows that this class 
depends only on the mod d Batalin-Vilkovisky cohomology class of X. So, one may obtain 
Batalin-Vilkovisky cohomology classes by constructing local superfields X satisfying (6.1). 
We recall that 



dSBv + SBvd = 0. (6.4) 



Define 



d=^[d- ^/^{Sbv - d)] (6.5) 
and its complex conjugate d. From (4.10), (6.4), it is immediate to check that 

= 0, (6.6a) 

= 0, (6.66) 

dd + dd = 0. (6.6c) 

From (6.5), one has further 

d^d + d, (6.7a) 

Sbv = d + d+V^{d-d). {6.7b) 

Consider the operator d. It acts on the space of local superfields, it carries degree 
1, by (6.5), and it squares to 0, by (6.66). Therefore, one can define a d local superfield 
cohomology in obvious fashion. 

Let X be a local superfield such that 

dX = 0. (6.8) 

X defines a d local superfield cohomology class. By (6.7a, &), X satisfies (6.1) with 
Y = [1 + ^/^)X. So, as shown above, for any supercycle Z, (Z, X) defines a Batalin- 
Vilkovisky cohomology class. If X = dU for some local superfield U, so that the corre- 
sponding d cohomology class is trivial, then {Z,X) = ^^/^5bv{Z,U)., by (6.5), (3.14), 
and, so, the corresponding Batalin-Vilkovisky is trivial as well. Therefore, for any singu- 
lar supercycle Z, there is a well-defined homomorphism from the d superfield cohomology 
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into the Batalin-Vilkovisky cohomology. This homomorphism depnds only on singular 
homology class of Z. 

The above constructions may appear somewhat arbitrary. Their meaningfulness will 
become clear upon computing the operator d and analyzing the space of solutions of eq. 
(6.8). 

Consider a local superfiled of the form 



P,<Z>0 



(6.9) 



where S e ©p,g>oC°°(APTM ® t\'^T*M (g) C) is a formal sum of biantisymmetric complex 
tensor fields on M of varying bidegree (p, q). Then, from (4. 14a, 6), through a tedious but 
totally straightforward computation, one finds the following expression: 



(6.10) 



where 

aMS--"%,...,, = i{(-l)^ 



+ V-1 J'^i.^aieiS"--^,...,^] (6.11a) 



63 ••■!>, 



Km"S"i-"%,...6, = i{(5% + \/^J"c)S^"-"-6,...6, + (-l)^\/^P"^S«i-"-c6i...^}, 

(6.116) 

the brackets [■ • ■] denoting full antisymmetrization of all enclosed indices except for those 
between bars | ■ ■ ■ |. 

At first glance, it would appear that eq. (6.8) is equivalent to the equations 



5mS«^-«%i...6, =0, 

Km"S"i-'^-6i...6 =0, 



(6.12a) 
(6.126) 
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at least for q <2. This is indeed the case, though there are some subtleties involved. The 
KM°''^"'^"'°'^bi...bg are manifestly the components of a tensor field. Eq. (6.126) is therefore 
fully covariant. Conversely, as is straightforward to check, the dM'^°'^"'°'^bi...bg are not, 
as they do not transform covariantly under coordinate changes. ^ So, eq. (6.12a) is not 
covariant in itself. However, it can be checked that, when restricting on the subspace of 
tensors S satisfying the covariant constraint (6.126), dM'^°''^"'"'^bi...bg do transform covari- 
antly and, thus, they are the components of a tensor field. For such S, eq. (6.12a) is 
therefore fully covariant. 

Suppose first our generalized complex structure is an ordinary complex structure J, 
so that P = 0, Q = (cf. eq. (2.17)). By (6.116), eq. (6.126) implies that S is a formal 
sum of q'-forms with values in the holomorphic vector bundles A^T^'^M with varying 
(p^q). Further, by inspection of (6.11a), one recognize Om as the customary nilpotent 
Dolbeault operator on the space of these tensor fields S. Hence, in this special case, for 
fixed p, eqs. (6. 12a, 6) define the customary Dolbeault cohomology with values in A^T^'^M, 
H*'*{M, A^T^'^M). For this reason, we claim that, in the general case, eqs. (6. 12a, 6) define 
a notion of generalized Dolbeault cohomology. The claim will be substantiated next. 

Denote by ^* the subspace of ©p,g>oC°°(A^'TM (g) AT^M (g) C) spanned by those 
S satisfying the constraint (6.126). ^* is a graded vector space: for n e Z, is the 
subspace of ^* contained in ®p^q^p+q=riC°°{/\^TM (g) A«T*M ® C). 

Exploiting (2.15a-(i), by a very lengthy algebraic verification, one finds that 

Km^-Om = on JT*, (6.13a) 
Om^ = on (6.136) 

By relation (6.13a), ^* is invariant under Om- Relation (6.136), in turn, states that Om 
squares to on Further, Om maps into as is easy to check, and, so, has 

degree 1. Thus, the pair (J^T*, Om) is a cochain complex, with which there is associated a 
cohomology H*{^* ,dM)- For reasons explained in the previous paragraph, we call this 
generalized Dolbeault cohomology of M. 

is actually a graded algebra and Om is a derivation on this algebra. As a conse- 
quence, H*( .9^* .di\[) has an obvious ring structure. 



^ Note, however, that the combination of the two terms in the right hand side of (6.10) 
is fully covariant. 
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It is easy to see that eq. (6.9) defines a homomorphism of the generalized Dolheault 
cohomology into the d superfield cohomology. Recall that the latter is embedded in the 
classical Batalin-Vilkoviski cohomology. Therefore, the classical Batalin-Vilkoviski coho- 
mology is related non trivially to the generalized Dolheault cohomology of the target manifold 
M. 

The above analysis generalizes verbatim to the twisted case, by replacing the Batalin- 
Vilkovisky operator 5bv by its twisted counterpart 5bvh with H a closed 3-form (cf. eqs 
(5.10a, h)). Only the explicit expression of the twisted generalized Dolheault operator 
Qmh is different, 

where the first term in the right hand side is given by (6.11a). Using(2.23a-(i), one 
can verify that relations (6. 13a, 6) still hold with Om replaced by duH- So, a twisted 
cochain complex {^* jOmh) and an associated twisted generalized Dolheault cohomology 
H*{^* .Omh) can be defined. Expectedly, this is closely related to the twisted classical 
Batalin-Vilkovisky cohomology. 

M. Gualtieri suggested to us that the generalized Dolheault cohomology found above 
could be related to the cohomology of the deformation complex of untwisted generalized 
complex structure [5]. We have found out that this is indeed the case, as we now show. 

Let 9* be the subspace of ©p,g>oC°°(APTM ® A^T^M C) spanned by those S 
satisfying the constraint (6.126) and the further constraint 



i^MaS'^^-^^i.-.b, = 0, (6.15) 



where 



LMa^^'-^'b^.-b, = l{{-ir{5'a - V^rap'''-''^cb^...b, + V^Qac^""'-"' b^...b,} ■ 

(6.16) 

Then, ^* C An algebraic verification similar to that yielding to (6.13a) shows that 
LMadM = on Thus, (^*, Om) is a subcomplex of {^*, Om)- 

Next, suppose that we perform a complex deformation of the generalized complex 
structure J of the form 

J'\ = J\ + E\, p'ab^pab^^ab^ Q'ab = Qab + ^ab, (6.17) 
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where S'^t, S"'*', are the components of some element S e ®p^q^p+q^2C°° {A^TM 
A^T*M (8) C). Now, (6.17) defines a complex generalized almost complex structure J' to 
linear order in S provided S e Indeed, imposing (2.13a-c) to first order in S yields 
the equations 

KM^'^b + i^MfeS'^ = 0, (6.18a) 
Km""^^ + Km""^" = 0, (6.18a) 
LMa'^b + LMb'^a = 0, (6.18a) 

which hold if S e It is straightforward though lengthy to show that J' is integrable 
to linear order in S if S is a 2-cocycle of (^*, Dm)- For, imposing (2.15a-(i) to first order 
in S and using (6.11a), (6.126), (6.15) yields a set of equations for S that can be cast as 

dM^""^" = 0, (6.19a) 

^mS^^'c = 0, (6.196) 

dM^^c = 0, (6.19c) 

dM^abc = 0, (6.19(i) 

so that = 0. Finally, suppose that T G and that S = Om'^ ■, so that 

S''^ = aMT''^ (6.20a) 
S% = aMT%, (6.206) 

Sab = du^ab- (6.20c) 

By explicit computation using (6.11a), (6.126), (6.15), one finds 

= 1 v^/x^'"^ (6.21a) 
S% = i^/^{Z^J% - P'^^d.ib - db^c)], (6.216) 

Sa6 = |v^{ixQa6 + J"a(5ce6 - Ob^c) - J%{dc^a - ^aCc)}, (6.21c) 

where X"- = = Ta. Thus, S is a combination of a complex infinitesimal diffeo- 

morphism X and a complex infinitesimal 6 transform with 6 = c^mC (cf- eqs. (2.14a-c)) 
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and, so, represents a trivial deformation [5]. This conclusively shows that (^*,5m) can 
be identified with the deformation complex of generalized complex structures. 

The above analysis can be carried out also in the twised case without much further 
effort. Since the deformation theory for the twisted case was not carried out in [5], we 
cannot perform any comparison. 

Further clarification of these matters should be left to the mathematicians. For us, it 
is sufficient to have found a remarkable connections between the Batalin-Vilkovisky coho- 
mology of the Hitchin sigma model and various aspects of Hitchin's generalized complex 
geometry. 
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